We review and develop a selection of models of systems with competition and cooperation, with origins in economics, where deep insights can be obtained by the mathematical methods of game theory. Some of these models were touched upon in authors' book 'Understanding Game Theory', World Scientific 2010, where also the necessary background on games can be found.
Territorial price building
Here we present a variation of the classical Cournot model of price building, where selling and production sites are spatially distributed.
Suppose there is a market that include selling sites M 1 , . . . , M m , products 1, . . . , K and production sites 1, ..., L.
There are N agents that buy the products at the production sites and sell them in M 1 , . . . , M m .
Assume that at the each production site l there is a large stock of all products available at the price p kl for the unit of the product k, and that the transportation cost to M i of a unit of the product k is ξ ikl .
Let Y n ikl denote the amount of the product k, which the agent n brought to M i from the site l. Then the total amount of kth product in M i is
The selling price of the product k in M i is the function of the total supply of the product. Following the standard Cournot model assume that this price is given by the formula
with some positive constants α ik , β ik .
Then the total income of the player n can be calculated by the formula
with
Thus we have defined a symmetric N-person game Γ N with the payoffs given by (1) and with the strategies of each player n being the arrays (Y n ikl ) with positive entries bounded by α ik .
For simplicity we reduce our attention to the case of 2 players.
Proposition 1.1. The game Γ 2 has a symmetric Nash equilibrium. If for each pair (i, k) there exists a unique l = q(i, k) where the minimum of ξ ikl + p kl is attained, then this equilibrium is unique and the corresponding strategies of each player are given bŷ
where δ l m denotes the usual Dirac symbol that equals 1 for l = m and zero otherwise. Proof. Clearly looking for a best reply one has to maximize each H n (ik) separately for each pair (ik). It is also clear from (2) that to have a best reply one has to bring the product only from those sites that minimize ξ ikl + p kl . Hence given (Y 1 ik ) to find the best reply of the second player one has to find the maximum of the functions 
As the second derivatives ofH ik 2 is negative this point does really define a maximum (and not a minimum). By the symmetry one concludes that symmetric equilibrium strategy solves the equationŶ
and thus equals (3) as required.
Bi-matrix inspection games
In this and the next sections we develop some extensions of the classical inspection game.
For other similar models see [1] , [2] , [5] , [10] and references therein. The game is carried out between a trespasser (player I) and an inspector(player II) in n-periods (or steps). We shall analyze a 'stop to abuses' version of this game when it lasts only till the first time trespassing is discovered by the inspector.
Player I has 2 pure strategies: to break (violate) the law (B) or to refrain from it (R). Player II has also 2 pure strategies: to check the actions of player I (C) or to have a rest (R). If player I chooses (R) he gets the legal income r > 0. If he chooses (B), he obtains additionally the illegal surplus s > 0. However, if his illegal action is discovered by player II, the player I pays the fine f > 0 and the game is over.
If player II chooses (C) he spends the amount c > 0 on this procedure and can discover the trespassing of player I with the probability p(p = 1 − p). If player I breaks the law and this action is not discovered, the inspector loses the amount l > 0.
Consequently one step of this game can be described by the table
or shortly by the matrix
It is natural to assume, that c < pl, so that the pair (B,R) is not a Nash equilibrium (otherwise the inspector has no reasons at all to conduct checks).
Let us say that a bi-matrix game has a value, if payoffs in any of the existing Nash equilibrium are the same, the corresponding pair of payoffs being called the value of the game.
Proposition 2.1. Assume f, r, s, c, l > 0, c < pl. Then the game with the matrix (6) has a value V = (u, v). Moreover, 1) if s < s 1 = p p (f + r), the unique Nash equilibrium is given by the pair of mixed strategies (x, x), (y, y), where
2) if s > s 1 , the unique Nash equilibrium is the profile (B,C) and
3) if s = s 1 , then u = r, v = −(c + pl) and the Nash equilibria are given by all pairs (X, C), where X is any (pure or mixed) strategy of the trespasser.
Proof. Clearly the only candidate for Nash equilibrium in pure strategies is the pair (B, C). This profile is an equilibrium if and only if s ≥ s 1 . Formulae for x, y follow from the standard expression for mixed strategy profiles in two-action two-player games. Other statements are checked by a straightforward inspection.
Of course of greater interest is the analysis of a multi-step version of this game. Let us consider the n-step game, where during this time the player I can break the law at most k times and the player II can organize the check at most m times. Assume that after the end of each period (step), the result becomes known to both players. Total payoff in n steps equals the sum of payoffs in each step. It is also assumed that all this information (rules of the game) is available to both players.
Let us denote the game described above by Γ k,m (n). Let (u k,m (n), v k,m (n)) be the value of this game. We then get the following system of recurrent equations:
(if all Γ k,m (n) have values, i.e. their equilibrium payoffs are uniquely defined), with the boundary conditions (m, n, k ≥ 0):
reflecting the following considerations: if the trespasser is unable to break the law, the pair of solutions (R,R) will be repeated over all periods; and if the inspector is unable to check, the trespasser will commit the maximum number of violations available. Though k ≤ n, m ≥ n, the form of the recurrent equations below is slightly simplified if one allows all non-negative k, m, n together with the agreement
Let us reduce our attention further to the game Γ n,n (n). Let us write U n = u n,n (n) and V n = v n,n (n). Then (7) takes the form:
where
For n = 1 the game becomes the same as the game (6) , and its solution is given by Proposition 2.1.
Let us find the solution to the game Γ 2,2 (2) . Plugging the values U 1 and V 1 into M 2 yields
Direct calculations show that under the assumptions of Proposition 2.1 the M 2 also has a value, and one can distinguish three basic cases (equilibrium strategies are again denoted by (x, x), (y, y)):
1) if 0 < s < s 1 , then
;
and the profile (B,C) is an equilibrium. Analogously one can calculate the solutions for other n > 2.
Tax payer against a tax man
This is a game between a tax payer (player I) and the tax police (player II). Player I has 2 pure strategies: to hide part of the taxes (H) or to pay them in full (P). Player II has also 2 strategies: to check player I (C) and to rest (R). Player I gets the income r if he pays the tax in full. If he chooses the action (H), he gets the additional surplus l. But if he is caught by player II, he has to pay the fine f . In the profile (C,H) player II can discover the unlawful action of player I with the probability p(p = 1 − p), so that p can be called the efficiency of the police. Choosing (C), player II spends c on the checking procedure. Of course l, r, f, c > 0.
Hence we defined a bi-matrix game given by the table
or shortly by the payoff matrix
The candidates to the mixed equilibrium are the strategies (β, β), (α, α), where
In order to have these strategies well defined, it is necessary to have α < 1 and β < 1 respectively. By a direct inspection one gets the following result.
Proposition 3.1. 1) If c ≥ p(f + l), the pair (H,R) is an equilibrium, and moreover the strategy (R) is dominant for the police (even strictly, if the previous inequality is strict).
2) If c < p(f + l) and f p ≤ pl, the pair (H,C) is an equilibrium and the strategy (H) is dominant (strictly if the previous inequality is strict). 3) If c < p(f + l), f p > pl, then the unique Nash equilibrium is the profile of mixed strategies (β, β), (α, α).
Remarks. 1. Consequently, in cases 1) and 2) the actions of the police are not effective. 2. It is not difficult to show that the equilibrium in case 3) is stable.
It is more interesting to analyze the game obtained by extending the strategy space of player I by allowing him to choose the amount l of tax evasion: l ∈ [0, l M ], where l M is the full tax due to player I. For example, we shall assume that the fine is proportional to l, i.e. f (l) = nl. Say, in the Russian tax legislation n = 0.4. Under these assumptions the key coefficients α, β take the form
.
Let H I (l) denote the payoff to player I in the equilibrium when l is chosen. One can distinguish two cases:
However αp+α−αpn = 0, hence this is not the case. Consequently
and therefore player I will avoid tax on the amount l = l 1 .
is an equilibrium, and if l < l 1 ⇔ β > 1, then (H, R) is an equilibrium. Since
the choice l > l 1 is reasonable for player I as
the equilibrium strategy for player I is l = l M and otherwise l = l 1 . One can conclude that in both cases it is profitable to avoid tax on the amount l 1 , but as the efficiency of tax man increases, it becomes unreasonable to avoid tax on a higher amount.
Let us see which condition in the second case would ensure the inequality (14) when the amount of tax avoidance is l M in the equilibrium. Plugging l 1 in (14) yields
Denoting x = p(n + 1) < 1 one can rewrite it as
The roots of the corresponding equation are
Hence for c > l M /4 inequality (14) does not hold for any p, and for c ≤ l M /4 the solution to (15) is
Thus for
it is profitable to avoid tax payment on the amount l M . Let us consider a numeric example with n = 0.4 so that 1/(n + 1) = 0.714. If, say, c = 1000, then l M = 100000. 1) If p < 0.714, the condition c ≤ l M /4 holds true, as 1000 < 2500. Hence, for p ∈ [0.007; 0.707] it is profitable to avoid tax on the whole amount, i.e. 100000.
2) If p > 0.714 it is profitable to avoid tax on the amount l 1 = 714.29.
Hence if the efficiency of tax payment checks is p < 0.707, it is profitable to avoid tax on the whole amount of 100000, and if p > 0.707, then not more than on 1010.
Cooperative games versus zero-sum games
The aim of this Section is to present a curious connection between competition and cooperation by linking the solutions to cooperative games and lower values of auxiliary zero-sum games. The following definitions are standard:
Cooperative game with non-transferable utility is a triple G = (I, v, H), where I = {1, 2, . . . , n} is the set of players, H is a non-empty compact set from R n , and v is a mapping from the set of all coalitions (non-empty subset S ⊂ I) to the set of non-empty closed subsets v(S) ⊂ H. For x, y ∈ H one says that x dominates y (x ≻ y), if there exists a coalition
1) (internal stability) there are no pairs of vectors from V such that one of them dominates the other one;
2) (external stability) for any y ∈ H\V there exists x ∈ V such that x ≻ y. For A ⊂ R n let us denote by A ε the ε-neighborhood of A, i.e. A ε = A + B ε with
A closed subset V is called a ε-solution whenever V is internally stable and for any y ∈ H\V ε there exists x ∈ V such that x ≻ y.
It is clear that if a closed A is a ε-solution in the game G = (I, v, H) for any ε > 0, the A is a solution.
Consider the function
L(x, y) = 0}. 
and max
It follows from (18) that max x∈A L(x, y) > 0 for each y ∈ H\A ε . Consequently for arbitrary y ∈ H\A ε one can find a x ∈ A such that L(x, y) > 0, i.e. x ≻ y. It now follows from (19) that L(x, y) ≤ 0 for all x, y ∈ A, i.e. neither x dominates y, nor vice versa. Consequently the set A is a ε-solution. Now let A is a ε-solution. Then L(x, y) ≤ 0 for all x, y ∈ A, but L(x, x) = 0 implying (19).
With A being a ε-solution, for any y ∈ H\A ε there exists a x ∈ A such that x ≻ y, i.e. L(x, y) > 0. Consequently max Let us choose now a ε > 0 and introduce a two-person zero-sum game Γ ε (I, v, H), in which the first player makes a first move by choosing a A ∈ A and then the second player replies by choosing y ∈ H\A ε . Finally the first player makes the third (and the last) move by choosing x ∈ A. The income of the first player in this game equals L(x, y) (the second one gets −L(x, y)).
The following statement is a direct corollary of Proposition 4.1. One can now define a two-player zero-sum game in the normal form N ε (I, v, H), where the strategies of the first players are the sets A ∈ A and the strategies of the second player are the mappings f : A ∈ A → H\A ε . Let F denote the set of the strategies of the second player. Let the payoff to the first player in this game N ε (I, v, H) be
Proposition 4.3. The game N ε (I, v, H) has a value, i.e. 
Stability for two-action multi-agent games
One of the most popular game in recent game-theoretic literature is the so called minority game, see [4] . It represents a particular game of many agents with each agent having two strategies. With this motivation, we are going to analyze here the stability property of games with two actions of each player.
To prepare the stage for our analysis, let us consider a general non-symmetric game Γ of m agents, where each agent j has n j strategies {s k j }, k = 1, · · · , n j , and receives payoffs Π j (s 
The Replicator Dynamics (RD) equations have the forṁ
where σ −j denotes the collection of the strategies of all players in σ others than j. This system describes an evolution of the behavior of the players applying a try-and-error method of shifting the strategies in the direction of a better payoff. As is well known, a Nash equilibrium is a fixed point of system (21). The r.h.s of (21) is sometimes called the Nash vector field of the game.
Recall that a Nash equilibrium for a game Γ is called asymptotically stable, neutrally stable or unstable in the Lyapunov sense (or dynamically) if it so for the corresponding dynamics (21). (This means roughly speaking that if starting with strategies near the equilibrium, players would adjust their strategies in the direction of better payoffs, their strategies would converge to this equilibrium.) On the other hand, a Nash equilibrium (σ 1 , ..., σ m ) in such game is called structurally stable if for arbitrary ǫ > 0 there exists a δ > 0 such that for all gamesΓ with the same number of players and pure strategies and with payoffsΠ that differ from Π no more than by δ, i.e. such that
for all i, s
2 , ..., s jm m , there exists a Nash equilibrium (σ 1 , ...,σ m ) for the gameΓ such that |σ j −σ j | < ǫ for all j = 1, ..., m. It makes sense also to speak about structural stability of dynamically stable or unstable equilibria, i.e. a dynamically stable (or unstable) Nash equilibrium (σ 1 , ..., σ m ) in a game Γ is called structurally stable if for arbitrary ǫ > 0 there exists a δ > 0 such that for all gamesΓ with the same number of players and pure strategies and with payoffsΠ that differ from Π no more than by δ (i.e. (22) holds), there exists a dynamically stable (respectively unstable) Nash equilibrium (σ 1 , ...,σ m ) for the gameΓ such that |σ j − σ j | < ǫ for all j = 1, ..., m.
The notion of stability is closely related to another important notion of a generic property: a property (object or characteristics) in a class of structures parametrized by a collection of real numbers s from a given subset S of a Euclidean space is called generic if it holds for s from a subsetS ⊂ S that is both open (which means that if s 0 ∈S, then all s ∈ S that are closed enough to s 0 belong toS as well, i.e. the property of being inS is structurally stable in any point s ∈S) and dense (which means that for any s 0 there exists an s ∈S that is arbitrary close to s 0 , i.e. the negation of being inS is nowhere structurally stable).
As mentioned above, we are going to concentrate on the class Γ 2 n of mixed strategy extensions of games of n players each having only two strategies.
Let A i j 1 ,...,jn denote the payoff to i under pure profile {j 1 , ..., j n }, j k = 1, 2. A mixed strategy profile can be described by families
Equations (21) can be written in terms of x 1 , ..., x n yielding (check it!)
with j k = 1 whenever k ∈ I and j k = 2 otherwise. Hence pure mixed (i.e. with all probabilities being positive) Nash equilibria for a game in Γ 
In particular for n = 3, denoting x 1 , x 2 , x 3 by x, y, z and arrows of payoffs A 1 , A 2 , A 3 by A, B, C yields for system (23) the following explicit form 
Expressing β, γ in terms of α from the first two equations one observes that the third equation is then automatically satisfied due to (28). Solving the last equation leads to (32).
Having a first integral V as above, allows one to conclude that the equilibrium (x ⋆ , y ⋆ , z ⋆ ) is neutrally stable in the Lyapunov sense.
Nonlinear Markov games
Nonlinear Markov games arise as a (competitive) controlled version of nonlinear Markov processes (an emerging field of intensive research, see e.g. [8] , [6] and references therein). This class of games can model a variety of situation for economics and epidemics, statistical physics, and pursuit -evasion processes.
A discrete-time, discrete-space nonlinear Markov semigroup Φ k , k ∈ N, is specified by an arbitrary continuous mapping Φ : Σ n → Σ n , where the simplex
represents the set of probability laws on the finite state space {1, ..., n}. For a measure µ ∈ Σ n the family µ k = Φ k µ can be considered an evolution of measures on {1, ..., n}. But it does not yet define a random process, because finite-dimensional distributions are not specified. In order to obtain a process we have to choose a stochastic representation for Φ, i.e. to write it down in the form
where P ij (µ) is a family of stochastic matrices depending on µ (nonlinearity!), whose elements specify the nonlinear transition probabilities. For any given Φ : Σ n → Σ n a representation (33) exists but is not unique. There exists a unique representation (33) with the additional condition that all matrices P ij (µ) are one dimensional:
Once a stochastic representation (33) for a mapping Φ is chosen we can naturally define, for any initial probability law µ = µ 0 , a stochastic process i l , l ∈ Z + , called a nonlinear Markov chain, on {1, ..., n} in the following way. Starting with an initial position i 0 distributed according to µ we then choose the next point i 1 according to the law {P i 0 j (µ)} n j=1 , the distribution of i 1 becoming µ 1 = Φ(µ):
Then we choose i 2 according to the law
, and so on. The law of this process at any given time k is µ k = Φ k (µ); that is, it is given by the semigroup. However, now the finite-dimensional distributions are defined as well. Namely, say for a function f of two discrete variables, we have
In other words, this process can be defined as a time nonhomogeneous Markov chain with transition probabilities P ij (µ k ) at time t = k. We turn now to nonlinear chains in continuous time. A nonlinear Markov semigroup in continuous time and with finite state space {1, ..., n} is defined as a semigroup Φ t , t ≥ 0, of continuous transformations of Σ n . As in the case of discrete time the semigroup itself does not specify a process. To get a process, assume the semigroup Φ t is differentiable in t, so that we can define the (nonlinear) infinitesimal generator of the semigroup Φ t as the nonlinear operator on measures given by
The semigroup identity for Φ t implies that Φ t (µ) solves the Cauchy problem
As follows from the invariance of Σ n under these dynamics, the mapping A is conditionally positive in the sense that µ i = 0 for a µ ∈ Σ n implies A i (µ) ≥ 0 and is also conservative in the sense that A maps the measures from Σ n to the space of signed measures
We shall say that such a generator A has a stochastic representation if it can be written in the form
where Q(µ) = {Q ij (µ)} is a family of infinitesimally stochastic matrices (or Q=matrices) depending on µ ∈ Σ n . Thus in its stochastic representation the generator has the form of a usual Markov chain generator, though depending additionally on the present distribution.
The existence of a stochastic representation for the generator is not difficult to obtain, see [8] .
The examples of nonlinear Markov chains are numerous including Lotka-Volterra systems, general replicator dynamics of the evolutionary game theory, models of epidemics, coagulation processes, see more in [8] .
Now we discuss the corresponding nonlinear extension of controlled processes. Nonlinear Markov games can be considered as a systematic tool for modeling deception. In particular, in a game of pursuit -evasion, an evading object can create false objectives or hide in order to deceive the pursuit. Thus, observing this object leads not to its precise location, but to its distribution only, implying that it is necessary to build competitive control on the basis of the distribution of the present state. Moreover, by observing the action of the evading objects, one can make conclusions about its certain dynamic characteristics making the (predicted) transition probabilities depending on the observed distribution via these characteristics. This is precisely the type of situations modeled by nonlinear Markov games.
The starting point for the analysis is the observation that a nonlinear Markov semigroup is after all just a deterministic dynamic system (though on a weird state space of measures and with a specifically structured payoff function). Thus, as the stochastic control theory is a natural extension of the deterministic control, we are going to further extend it by turning back to deterministic control, but of measures, thus exemplifying the usual spiral development of science. The next 'turn of the screw' would lead to stochastic measure-valued games forming a stochastic control counterpart for the class of processes discussed in the previous section.
We shall work directly in the competitive control setting (game theory), which of course includes the usual optimization as a particular case, but for simplicity only in discrete time and finite original state space {1, ..., n}. The full state space is then chosen as a set of probability measures Σ n on {1, ..., n}.
Suppose we are given two metric spaces U, V of the control parameters of two players, a continuous transition cost function g(u, v, µ), u ∈ U, v ∈ V , µ ∈ Σ n and a transition law ν(u, v, µ) prescribing the new state ν ∈ Σ n obtained from µ once the players had chosen their strategies u ∈ U, v ∈ V . The problem of the corresponding one-step game (with sequential moves) consists in calculating the Bellman operator
for a given final cost function S on Σ n . According to the dynamic programming principle (see e.g. [10] ), the dynamic multi-step game solution is given by the iterations B k S. Often of interest is the behavior of this optimal cost B k S(µ) as the number of steps k go to infinity.
The function ν(u, v, µ) can be interpreted as the controlled version of the mapping Φ specifying a nonlinear discrete time Markov semigroup. Assume a stochastic representation for this mapping is chosen, i.e.
with a given family of (controlled) stochastic matrices P ij . Then it is natural to assume g to describe the average over the random transitions, i.e. be given by
with certain real coefficients g ij . Under this assumption the Bellman operator (37) takes the form
We can now identify the (not so obvious) place of the usual stochastic control theory in this nonlinear setting. Namely, assume P ij above do not depend on µ. But even then the set of the linear functions S(µ) = n i=1 s i µ i on measures (identified with the set of vectors S = (s 1 , ..., s n )) is not invariant under B. Hence we are not automatically reduced to the usual stochastic control setting, but to a game with incomplete information, where the states are probability laws on {1, ..., n}, i.e. when choosing a move the players do not know the position precisely, but only its distribution. Only if we allow only Dirac measures µ as a state space (i.e. no uncertainty on the state), the Bellman operator would be reduced to the usual one of the stochastic game theory:
As an example of a nonlinear result we shall get here an analog of the result on the existence of the average income for long lasting games (see [8] for a proof). Proposition 6.1. If the mapping ν is a contraction uniformly in u, v, i.e. if
with a δ ∈ (0, 1), where ν = n i=1 |ν i |, and if g is Lipschitz continuous, i.e.
with a constant C > 0, then there exists a unique λ ∈ R and a Lipschitz continuous function S on Σ n such that
and for all g ∈ C(Σ n ) we have
One can extend the other results for stochastic multi-step games to this nonlinear setting, say, the turnpike theorems from [10] , and then go on studying the nonlinear Markov analogs of differential games.
Colored options as a game against Nature
Here we introduce a game-theoretic analysis of rainbow options in incomplete markets. Further developments can be found in [12] , [3] and [9] .
Recall that a European option is a contract between two parties where one party has right to complete a transaction in the future (with previously agreed amount, date and price) if he/ she chooses, but is not obliged to do so. More precisely, consider a financial market dealing with several securities: the risk-free bonds (or bank account) and J common stocks, J = 1, 2.... In case J > 1, the corresponding options are called colored or rainbow options (J-colors option for a given J). Suppose the prices of the units of these securities, B m and S 
if transaction costs are not taken into account. If n is the prescribed maturity date, then this procedures repeats n times starting from some initial capital X = X 0 (selling price of an option) and at the end the investor is obliged to pay the premium f to the buyer. Thus the (final) income of the investor equals G(X n , S 
The evolution of the capital can thus be described by the n-step game of the investor with Nature, the behavior of the latter being characterized by unknown parameters ξ 
The main definition of the theory is as follows. A strategy γ 1 , · · · , γ n , of the investor is called a hedge, if for any sequence (ξ 1 , · · · , ξ n ) the investor is able to meet his/her obligations, i.e.
G(X n , S 1 n , ..., S J n ) ≥ 0. The minimal value of the capital X 0 for which the hedge exists is called the hedging price H of an option.
Looking for the guaranteed payoffs means looking for the worst-case scenario (so called robust-control approach), i.e. for the minimax strategies. Thus if the final income is specified by a function G, the guaranteed income of the investor in a one-step game with the initial conditions X, S 1 , ..., S J is given by the Bellman operator
and (as it follows from the standard backward induction argument) the guaranteed income of the investor in the n-step game with the initial conditions X 0 , S 
